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A Beware! Heed warning.
Provided on NESA Reference Sheet

Facts/formulae to memorise.

Mathematics Extension 1 content.

Literacy: note new word/phrase.
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Further reading/exercises to enrich your understanding
and application of this topic.

Q Facts/formulae to understand, as opposed to blatant
memorisation.

Syllabus specified content

N the set of natural numbers
Z the set of integers

Q the set of rational numbers
R the set of real numbers

V for all

o Gentle reminder
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e Additional questions
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from Cambridge MATHS  Year
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Syllabus outcomes addressed

ME11-5 uses concepts of permutations and combinations to
solve problems involving counting or ordering
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ME-A1 Working with Combinatorics

e For a thorough understanding of the topic, every question in this handout is to

11 Extension 1

e Remember to copy the question into your exercise book!
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Part 1

Pascal’s Triangle & the Binomial
Theorem



]‘ Learnmg Goal(s)

= Knowledge £ Skills @ Understanding
What is the Binomial Theorem Use Pascal’s Triangle and the The difference between terms,
................. Binomial Theorem coefficients and flexibility on

which term to increase/decrease
the indices

@ By the end of this section am | able to:
17.1  Expand (z + y)" for small positive integers n.

17.2  Use Pascal’s triangle to perform simple binomial expansions.

17.3  Determine values of unknown coefficients given information about an expansion.

17.4  Develop reasoning that the binomial coefficients are given by (:) "Cr).

........ ..... 1..1 4444 S.tmple expansnons.of..(.ln&.:c)....:m.é ......... ......... ......... ........ ........ .........

o Expand

Coefﬁments Coefﬁments Coefﬁments
s 20 1,3,3,1 1,4,674,1 ......................................
..................... oPasca,Tnangle




. EXPANSION OF (a+b)" — SIMPLE EXPANSIONS OF (L+2)" = = S R R T

......... .......... . ..... b“%I"he' k-th .......... g"coefffi'ci'ent; ......... mthe ex;pan'sizon' , of'g(:c' g 1)n 'CO?I"FESp(?)Il’d’S' 1?0' va'hzxes ..... ..........

.........................

o S




g Threm T

The Binomial Theorem (simplified):

! (1+a:)”:;;(Z)dc

‘@ The term(s) of a binomial expansion contains = powers

......... .......... oThecaeﬁiczent(s)ofabmomlalexpansmndoesnot ......... ......... .......... .......... ......... ......... ......... ..........

11 d0 Typlcal terms & 'C(‘)’éfﬁClentS ;

..... T ypic:alu;(.g.e.neﬁalised) term ¢y

~ Write expansion in sigma : § notation

! g Eéxafnpﬁe 5

If (1 — \/5)4 = a + b\v/2 where a, b € Z, find the value of a and b.

. Answer: a =17, b= —12

o S




EXPANSION OF (@ +0)" - SIMPLE EXPANSIONS OF (I + o) 9

O Bl

Calculate (1.003)* correct to five decimal places by expanding (1 + 0.003)3.

' ' Answer: 1.00903 '
| g g g “s Example 7 : ; : : : ; 5 : : : ; :




/ Theorem 2

[ Generalised Binomial Theorem

.................. o3

AR ‘ = Exampled

Apply the Binomial Theorem to (z* — y)4, and write in expanded form.

g B BEmplelo




- Fzrst term IS t1, but k commences from 0.

- There are § n —|— 1 terms in total

.......... ................. T 'h““?th"t'e‘r'm"(fO'r'exampl“)“ha's;'ordmai' iz 6 ......... ......... .......... .......... ......... ......... ......... ..........

ﬁ Example §11

......... .......... .......... ~| Example12 ......... R o o S SR S SR o 2 e RS ..........

o S




+ b)" ~ GENERALISED EXPANSIONS

T gl g

Find the term independent of z in (2% + %)6. Answer: (8

e

Without fully expanding, find the term containing 2% in (3 — z)*(1 + x).

Answer: 42z3

o S




... .. EXPANSION OF (a+0b)" — GENERALISED EXPANSIONS @ = &= = @ = SR TR SO AU RO S N 13

BRI Knswer: DO~ OO +OO-OO .

....... e A P

; ......... .......... .......... ’é‘:'Further éxercises |
. |lEx15A Ex 15B Ex 15C -
eddetdedod e Q1-16 e Q1-13 '

................................ . 7 e . 7 s -




......... ..... 2..1 44444 Unrollmg factorlals....,......é ......... ......... ......... .......... ......... ......... .......... .......... ......... ......... ......... ..........

‘. Useful fact for factorlals

.................. 101
Simplify o (without a calculator). Answer: 720

o S



""""" """"" """""" 2"2 “““ Propertles of bmomlal coefﬁcnents

......... .......... .......... ..... ° uDeﬁmmo..n. ............ ......... ......... ......... s R = s - e . R R

......... .......... .......... ......... P I'OO'f" ......... .......... ......... ......... ......... .......... ...... TWO pol.y.nomlals .are- - equal..:l.ﬁ‘uau Of ..... ..........
' : : 5 ‘ : : : : thelr coefﬁc:1ents are equal ie. :

T . e S (??)....IS...the Coef.ﬁc.len..t..of the term I U U O UL S UUE OO OO SONN OO SO U O
A

iy T Example19 G i o G i 0 GG b
ST TR 16 :

o S




16 : : : : : : : FACTORIAL NOTATION = PROPERTIES :OF ‘BINOMIAL :COEFFICIENTS

- WU 0 O U 0 OO O O O OO O O 0 O

o (L (6 _ (7 TR
SOIVG fOI" n: (2> -+ <2> = (2) Answer: n =14

......... .......... e “sExamplte .......... T S TN b SR T R S SR b e RN ......... ......... ..........

RN 35 34 34 R
SRR e Find the values of m such that = + . Answer: 120r21 U preene P

......... .......... ...... “ Example 29

In the expansion of (1 4 x)'%, find the ratio of the coefficients of the term in z'3 to
the term in ZEH. Answer: -z

o S




O Bl B

In the expansion of (1+ )", the ratios of three consecutive coefficients are 6 : 14 : 21.

Find these coefficients. Answer: (3), (3), ()

o S




......... ..... 2..3 ..... Greatest term/coefhaent ..... ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

--------- ----------- . ~Bmomlai coefﬁ(ilents (on't the same row Of Pascal S Tmangle) are----? ~~~~~~~~~ Symmetr-l-e ~~~~~~~~~ . --------- --------

gl

Find the greatest coefficient in the expansion (1 + 2z)°. Answer: (§)2*




3\ " ;
Find greatest coefficient (in terms of magnitude) in the expansion in | 2z — =) . C
€T . :

Answer: (171) x 2% x 37




....... gExampleze
' Find the greatest term (in terms of magnitude) in (5 — 42)'? if # = %. Leave your
answer in its prime factorisation. Answer: 2'2 x 59 x 11 x 372




...  FACTORIAL NOTATION ~ GREATEST TERM/COEFFICIENT = = ST VOO RO UL N I 2t

[1988 3U HSC Q6] Suppose (7 + 3z)* = Zthk.
k=0

1. Use the Binomial Theorem to write an expression for t;, 0 < k < 25. 2

i Show that tk+l _ 3(25—K) . . _—
122 T(k+1) ;

iii. Hence or otherwise, find the largest coefficient . 2

25
You may leave your answer in the form ( f ) 7¢3¢

o S

..................................................................................................................................................................................................................




]‘ Learnmg Goal(s)

= Knowledge £ Skills @ Understanding
| : What is the Binomial Theorem Use Pascal’s Triangle and the The difference between terms,
RINNE b Binomial Theorem coefficients and flexibility on

which term to increase/decrease
the indices

& By the end of this section am | able to:
17.5  Derive and use simple identities associated with Pascal’s triangle.

17.6  Explore the use of substitution and differentiation to develop identities using the Binomial Theorem.

17.7  Develop expressions of the general term in order to solve harder binomial problems.

intb (1 —5 x)". 5

‘o powers of a number (e.g.: a™), substitute 2 = a into (1 ¥ x) (1 — )"
g Eéxampzle 28
"""""""""" Find the sum of the coefficients in the expansion of (1 + 2x) Answer: 720



Prove that 3" = Z (Z) o5

.............................. : NORI\/IANHURSTBOYS’HIGHSCHOOLCOMBINATORICb



....... ‘IsExample32
| : " n ' ' '
S e Prove that 2k

e ,;0 k

:2271‘ ......... ......... ..........




PROOF: OF GENERAL RESULTS — SUBSTITUTION : : : : : : : : : : 25

T Eyample 33
| 1998 3U HSC Q7] :

(i) Use the binomial theorem to obtain an expression for (1 + x)** + (1 — z)*",

where n is a positive integer.

e 20\ (20 20
5 : : 1) H ] 1 _ :
o o (ii) ence evaluate 1 + (2> + <4) +- 4 (20> ........ o

o S




o '.”'1"f' ﬂ'ié'fé'sﬁiﬁ 'fb; Bé'ls'r&éﬁ 'iﬁ&éi&é‘s' ”biﬁarﬁlai 'é&éﬁ'ﬁi&iéﬁt’é"(Z’)”ﬁiﬁiﬁbhéa' by ‘théir"'k' &aﬁéi """"" T
......... .......... ..... d Ifferentlate bOth S].deS Of the expanswn Of (1_1_1,) ......... ......... .......... .......... ......... ......... ......... ..........

......... ........... .o“If Lhe non—bmomlal coefﬁment does not.: correla.t.e...entlrely Wlth bmomlal coefﬁmenﬁ ......... ......... ..........
: : ordlnal there may have been a multlpllcatlon by T, : : 1

o S




... FPROOF OF GENERAL RESULTS ~ DIFFERENTIATION - = = ST VOO RO UL N I 2T

(i)

[2006 HSC Q2]

By applying the binomial theorem to (1 + )" and differentiating, show that

rart= () ee(leroer(emteen(e

Hence deduce that

o S




T Exampled6
- [2010 CSSA Q6] S

2n
Z
(i)  Differentiate both sides of the expansion (1 + x)** = Z ( n) z*.

2n : : :
................. m

11 Hence show that E k =n x 4", : : :
() P (k> S :

o S




PROOF: OF GENERAL RESULTS — DIFFERENTIATION

O Bl 7

[2011 Ext 1 HSC Q7] A The binomial theorem states that

(1+2z)" = zn: (:)x

r=0

(i)  Show that ) (n) r” =nz(l+z)""!
r
r=1

(i) By differentiating the result from part (i), or otherwise, show that

zn: (:) r? = n(n +1)2"2

r=1

(iii) Assume now that n is even. Show that for n > 4,

(0 (e (o (o

o S
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... FPROOF OF GENERAL RESULTS ~ DIFFERENTIATION - = = ST VOO RO UL N I 3L

[2002 Ext 1 HSC Q7] A The coefficient of z* in the expansion of (1+ )", n € N

is denoted by ¢, i.e. ¢ = (:)

(i)  Show that ¢o + 2¢1 + 3co + -+ + (n+ 1)¢, = (n+2)27 1. 3

(ii))  See Example ?? on page 77 as it may fall out of scope with the current syllabus.

o S




............... 82 ... ... ... PRrOOFOF GENERAL RESULTS — DIFFERENTIATION . . . .

e e b ?3"E5‘<amﬁle“3’95 ......... AOE UE S e SR S ST U S S SR Lo e e =
| : [2016 Ext 1 HSC Q14] Consider the expansion of (1 + )", where n is a positive : :

integer.

i ....... o showab = () (3 () 4 () e () 1 _________ _________ __________
B e Y Y L e e

S

S 3
N——
—

(iii) Hence or otherwise, show that Z (n) (2r —n) = n. 2
r

r=1

o S




to obtam requ1red result

......... ......... “ Example40 ......... S e o S o S S e o ..........

......... ......... [1996 3U HSC Q7] Using the fact that (14 2)*(1 +2) = (1 + 2)'3 show that . .. ..........

. .......... .......... | (:)l) (Z) + (‘11) (2) | (‘21) (g) N (;1) (?) . CD (3) B <143) ________ ________

1 n
[1999 3U HSC Q7] By considering (1 — z)" (1 + —) or otherwise, express
x

o ,,,,,,,,,, 4444444444 | OO -0+ _________

......... ......... in simplest forom. ..........

o S




.............. 4. ... PROOF OF GENERAL RESULTS ~ EQUATING COEFFICIENTS . . .

......... .......... . ?3"E&amﬁle"4“2§ ......... TR e e, ST SRR SR s s ......... ......... ..........
| : [1986 3U HSC Q4] Factorise a® +3a+ 2 and hence or otherwise find the coefficient ' : :

................. [less 8
(a® +3a +2)°

T

e ererore

1\" 1\ 1 2n ......... D SRR
Using the fact that (x + —) (:L‘ + —) = (:I: + —> , prove that L §
x x : - -

o S




PROOF: OF GENERAL ‘RESULTS — EQUATING COEFFICIENTS

O Bl

[2008 Ext 1 HSC Q7] Let p and ¢ be positive integers with p < q.

(i)  Use the binomial theorem to expand (1 + z)P*? and hence write down
(1 i m)p-i—q

. which is independent of x.
3

the term of

(1+x)p+q 1 q

(i) Given that —— = (1 +z)?(1+—), apply the binomial
i i

theorem and the result of part (i) to find a simpler expression for

= OO0 0000

o S

B R EEETER R PPRRES 1 i

-z= Further exercises

..................................................................................................................................................................
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i P., " Learning ‘Goal(s)
............................... = Knowledge o Skill ST
| : : ‘] Counting principles Use counting principles to The difference between :
......... u ......... e , calculate permutations and permutations and combinations @~ - ..........
' : : : combinations
................................ & By the end of this section am | able to:

17.8  List and count the number of ways an event can occur.

17.9  Use factorial notation to describe and determine the number of ways n different items can be arranged
in a line or a circle, including problems involving cases where some items are not distinct.

17.10 Understand and use permutations to solve problems

17.11 Solve problems involving permutations and restrictions with or without repeated objects

17.12 Solve problems involving arrangements in a circle (with no repetition).

17.13 Understand and use combinations to solve problems

17.14 Solve practical problems involving permutations and combinations, including those involving simple
probability situations.

.......................................................................................................................................................................................................................



g Dfinition L 444444444 ——

A permutation is an arrangement of objects into a certain order.

......... ....... (IQI]ES & Couchman), []_983 Ex 30. 1) A restaurant offers these choices: 444444444 ......... ..........

| : Entree Main Dessert , , ,
> ......... -. ...... Garlic praanS Fillet Steak Strawberries . ......... » ......... ..........
Soup of the day =~ Chicken  Apple pie and cream D
......... ...... Oysters Fish .. ......... ......... ..........

How many different 3 course dinners can be chosen?

------- """" How many five-letter words can be formed in which the second and fourth letters are ------ ------- """""""
' vowels and the other three letters are consonants, if letters can be repeated? ﬁ ' :
......... , ...... Answer: 52213 L .. 444444444 ......... ..........
: : —reps
......... ....... 1. DraW dashes 444444444 ......... ..........

2.  Fill in possibilities from left

......... ...... 3. Multiply




i Bsteps
| ' : ‘1 1. Draw dashes :

2.  Fill in possibilities from left

3.  Multiply

......... ......... ‘Is*ExampIe48 ......... ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

In how many ways can a class of 16 select a committee consisting of a president, a
vice-president, a treasurer and a secretary?

In how many ways can four letters from the word BRIDGE be arranged if no letter is
repeated?

o S




............... 40
........ .......... . ’ls“Ef)'(amp:Ie“S'Og .......... i, e SR e e, SR i, i, ......... ......... ..........
________ . In a class of thirty children one prize is awarded for English, another for Science and - o

a third for Mathematics. In how many ways can the recipients be chosen if ? :

: (a)  no child can receive more than one prize? : :

(b)  a child can receive more than one prize?

Permutatlon """

| : Q Definition 2 | : : :
""""""""" The number of arrangements when permuting r objects from n objects is "PF,.

(Mnemonic: “n pick r”)

--------- ---------- _-o~If» »there are- 1(9 people in- total and 4 need to- be ehosen forPresrdent V}ce Pre81dent --------------------------------
5 : ' Treasurer and Secretary, :

...............................

o S




PERMUTATION — UNRESTRICTED CASES — :MULTIPLICATION PRINCIPLE: : : : : : S 41

O Bl B

Four flags are used to send messages from a vertical flagpole. Find the total number o
of possible messages that can be sent: :

(a)  If all 4 flags must be used.
(b) If at least 1 flag must be used.

é ......... é .......... é .......... é......“‘é.'";;;.?“Eéskés;iiisi;é‘ét;:i....é ......... ? ......... ? ......... ; .......... ;....444..§ ......... ? ......... ; .......... ; .......... ; ......... ? ......... ? ......... é ..........

JRe SR I -] [2005 Ext 1 HSC] Sophie has five coloured blocks: one red, one blue, one green,

| : : | one yellow and one white. She stacks two, three, four or five blocks on top of one
SRR S SRENE | another to form a vertical tower.

| : : | (a)  How many different towers are there that she could form that are three 1
E ......... ? ......... ?444.....€. k)l()(jl(S }liggkl? ........ ; ..........

(b)  How many different towers can she form in total? 2

o S

Ex 14B 5
Y Q9_24 ........ ..........




............... 2. ... ... .. .. .. . PERMUTATION = OTHER RESTRICTIONS . . .

........ ..... 42 “““ Otherrestrlctlons ........ ........ ......... ......... ......... ........ ........ ........ ......... ........ .........
' : 5 o Important note ' : : : : : : : : : : ' '
e Deal with restrictions first, then arrange the remaining elements.

A Be aware of grouped restrictions which “travel”.

“s E;(amﬁle 53é

In how many ways can 5 boys and 4 girls be arranged in a line if
boys and girls alternate?

line begins and ends with a boy?

(a)
(b)  three boys must be at the start of the line?
(c)
(d)

girls are together? BEIE - .

boys and girls are in separate groups?

)
) two girls G; and G, are together?

""""" """ (g)  a particular boy, B insists on being between two girls?




... PERMUTATION ~ OTHER RESTRICTIONS .= o L NN o e NN R 43

O Bl

How many ways are there of arranging the letters of the word MEALS if
(a) if the consonants are to be grouped together?

B S S | () if the vowels will be at the front and back? e

7" Example 55

~ | [Ex 14C Q8] Find how many arrangements of the letters of the word UNIFORM are e
| : : -} possible: :

(a)  if the vowels must occupy the first, middle and last positions, :
, ......... .......... .......... . (b) if the Word must Start With U and end With M’ ........ ..........

(¢) if all the consonants must be in a group at the end of the word,

(d) if the M is somewhere to the right of the U.

o S




............... A4 ... ... ... .. .. ... . PERMUTATION = OTHER RESTRICTIONS . . .

......... .......... e ’ls“ngamp;leS'ﬁ; ......... VRN SO I e e, R UE RN SO I SR s i, ......... ......... ..........
| : [Ex 14C Q16(a)] In how many ways can ten people be arranged in a line: : : :

(i)  without restriction?

""""" """" (ii)  if one particular person must sit at either end,

________ ,,,,,, (iii) if two particular people must sit next to one another,

(iv)  if neither of two particular people can sit on either end of the row?

......... ....... [2007 Ext 1 HSC] (2 marks) Mr and Mrs Roberts and their four children go to ......... ......... ..........
| : the theatre. They are randomly allocated six adjacent seats in a single row. 5 : :

o S




... PERMUTATION ~ OTHER RESTRICTIONS .= SRRV NN NN ST VOO RO UL N I 45

[2008 Ext 1 HSC] Barbara and John and six other people go through a doorway

one at a time.

________ __________ _________ | (i)  Inhow many ways can the eight people go through the doorway if John 1
| : : ; goes through the doorway after Barbara with no-one in between?

-------- -------- (ii)  Find the number of ways in which the eight people can go through the 1 """""
SR : : doorway if John goes through the doorway after Barbara. :

o S

Ex 14C

e Q1-21




......... ..... 43 44444 ldie‘nt‘itf:a'l"eéi‘emén'tS"g"""""é 444444444 ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

1. Find permutation for the same number of elements.

2 Divide by number of ways to arrange the number of identical objects.

For example, divide by 3! if there are 3 objects that are identical.

> Example 59

......... ,,,,,,, [2000 3U] (2 marks) How many arrangements of the letters of the word HOCKEYROO
| : are possible?

‘{s ngampzle 60g

[2012 Hurlstone Agricultural Ext 1] (2 marks) How many distinct eight letter
arrangements can be made using the letters of the word PARALLEL?

....... ,,,,,, 5 P.— Example 61 : : : : : 5 5 5 5 5 5 ....... ........ .........
5 : [2001 Ext 1 HSC] The letters A, E, I, 0, and U are vowels. RN :
""""" """ (a)  How many arrangements of the letters in the word ALGEBRAIC are r
| ' possible?

A (b)  How many arrangements of the letters in the word ALGEBRAIC are 2 A
____________ possible if the vowels must occupy the 2nd, 3rd, 5th and 8th positions?




o .‘s,Examp,eﬁz ......... 0 O O T N 0 S

[Ex 14D Q13] A How many five-letter words can be formed by using the letters
of the word BANANA?

o S

Ex 14D

o Q4-15




48 PERMUTATION — CIRCULAR ARRANGEMENTS

4.4 Circular arrangements

e The number of way of arranging 6 people in a line: ~ 6!

e Arrange 6 people into a circle:

is the same arrangement as

© &) ) @
D) )

(“wrap around” allowed due to circular arrangement).

e Solution: write out all linear permutations:

- — Tedious!

— Only one of the six arrangements
_——— — — — required, i.e.

1
—xnl =(n-=1)

e Alternative solution (used more commonly): fix the location of one person first, then
permute.

e Same rules for dealing restrictions (and glued people arising from restrictions): deal
with restrictions first, then fix the “group”.

o Important note
Draw picture!

COMBINATORICS NORMANHURST BOYS’ HIGH SCHOOL



L 101V 00 00 O O O OO O P 0 0 O

[Ex 14G Q4] Four boys and four girls are arranged in a circle. In how many ways
can this be done:

________ _________ ________ | (a) if there are no restrictions.

(b) if the boys and the girls alternate,

(c)  if the boys and girls are in distinct groups,

""""" """"" (d) if a particular boy and girl wish to sit next to one another,
________ __________ ________ | (e) if two particular boys do not wish to sit next to one another,

(f)  if one particular boy wants to sit between two particular girls?

o S




......... .......... . ?3"E&amﬁle’6’4§ ......... i, e SR e e, SR i, i, ......... ......... ..........
| : [2013 NEAP Ext 1/2002 Ext 1 HSC] Seven people are sitting around a table. : :

(i)  How many seating arrangements are possible? 1

""""" """" (i)  Two people, Kevin and Juliaﬁ, do not sit next to each other. 2

How many seating arrangements are now possible?

«Jill” in 2002!

In how many ways can 10 people be seated across two tables, each seating five people?
................ FURTIIE IR S O S




Four married couples are to be seated around a circular table for dinner.

(a)  In how many ways can the people be seated around the table?

......... .......... .......... | (b) If each married couple is to be seated together, in how many ways can this be ~~~~~~~~~~
R R R SR done? f
. ......... M ......... . Answer: (a,) rd| (b) 96 ... ..........

o S

Ex 14G

e Q3-11, 13




51 Defimitions

Q Deflmtlon 3

| A combination is an grouping of objects where order is irrelevant.

Q Laws / Results

-} Commence with "P,, i.e. choosing r objects from n objects. The number of

combinations is given by "C; and removing repeated  cases
. "P. n!
C’T‘ pu— pu—
| 7! rli(n —r)!

“s Eéxampzle 67

[Ex 14E Q3] Find how many possible combinations there are if, from a group of
ten people:
| (a)  two people are chosen, (b)  eight people are chosen.

Why are the answers identical?
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[1995 3U HSC] A security lock has 8 buttons labelled as shown. Each person using
the lock is given a 3-letter code.

A B C D IE] F G H
""""""""""""""""""" (i)  How many different codes are possible if letters can be repeated and | R
their order is important?
(i) How many different codes are possible if letters cannot be repeated and 1 :
................................ their order is important?
| : : | (iii) Now suppose that the lock operates by holding 3 buttons down 1 :
o fre P 3 together, so that order is NOT important. How many different codes p

are possible?

o S




......... ..... 52 44444 O'i:heré'con'fditiofns ...... ......... ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

g T Bampeed -

[Ex 14E Q7] A committee of five is to be chosen from six men and eight women.
Find how many committees are possible if:

(a)  there are no restrictions,

(b)  all members are to be female,
......... , ...... (C) al]_ members are to be male’ ......... ......... ..........

(d)  there are exactly two men,

there are four women and one man,

)
) there is a majority of women,
......... ....... (g) a particular man must be included, ......... ......... ..........

a particular man must not be included.

o S
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Ten people meet to play doubles tennis.

(a)  In how many ways can four people be selected from this group to play the first
game? (Ignore the subsequent organisation into pairs.)

(b)  How many of these ways will include Maria and exclude Alex?

AR e | (¢) If there are four women and six men, in how many ways can two men and two
' ' : : women be chosen for this game?

| , : | (d)  Again with four women and six men, in how many ways will women be in the ,
JRR S SR 3 majority? S

""""" """"" """"" } [2012 CSSA Ext 1 Q5] From six girls and four boys, a committee of 3 girls and 2 """""
| boys is to be chosen. How many different committees can be formed?
e s i 1 (A) 26 (B) 120 (C) 252 (D) 1440 e

..........................................................................................................................................................................................................................




......... .......... . ?3"E&amﬁle"7’2§ ......... e, e SR e e, SR i, i, ......... ......... ..........
| : [2014 CSSA Ext 1 Q8] A Mathematics department consists of 5 female and 5 male : :
teachers. How many committees of 3 teachers can be chosen which contain at least

one female and at least one male?
(A) 100 (B) 120 () 200 (D) 2500 ........ ......... o

e @ Eeample73

[Ex 14E Q8]

(a)  What is the number of combinations of the letters of the word EQUATION taken
four at a time (without repetition)?

(b)  How many contain four vowels?

""""" """" (¢)  How many contain the letter Q7

o S
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......... .......... ......... ""““‘é"‘{s':'“Exa'Mpl‘eﬁfl““"‘f ........ S S b e, e b, e S e ..........
: : : | [Ex 14E Q13] Ten points Py, P», ..., Pjp are chosen in a plane, no three of the :
points being collinear.

......... .......... ,,,,,,,,,, | (a)  How many lines can be drawn through pairs of the points? ..........

(b)  How many triangles can be drawn using the given points as vertices?

(¢)  How many of these triangles have P; as one of their vertices?

""""" """"" (d)  How many of these triangles have P; and P, as vertices?

....... .......... ........ ]='Example75 ........ ......... ,,,,,,,, ......... ,,,,,,,, ........ ....... ........ .........

[2001 Ext 2 HSC] @ A class of 22 students is to be divided into four groups
consisting of 4, 5, 6 and 7 students.

444444444 »»»»»»»»»» <<<<<<<<<< 1 @4) In how many ways can this be done? Leave your answer in unsimplified 2 .........
' : : : form. :

......... .......... .......... . (11) Suppose that the four groups have been ChOSGn. 2 ........ ..........

------- -------- ““““““ : In how many ways can the 22 students be arranged around a circular -------
table if the students in each group are to be seated together? Leave
. ......... u ......... , your answer in unsimpliﬁed form‘ ........ ..........




T gl

[2010 Ext 2 HSC] @ A group of 12 people is to be divided into discussion groups.

_ ; (i)  In how many ways can the discussion groups be formed if there are 8 1 : A
S . people in one group, and 4 people in another? e S S
(ii))  In how many ways can the discussion groups be formed if there are 3 2

groups containing 4 people each?

e TS Example T

A hand of 5 cards is dealt from a regular pack of 52 cards. What is the number of
possible hands if

""""""""" (a)  there are no restrictions (f)  cards all the same colour

................ (b)  there are 4 aces. (g) at least 2 kings
(c) 3 diamonds and 2 hearts (h)  three cards marked ‘7’ and two : :

................ -
(d)  all clubs ' _ : : :

.................. (i) 4 cards marked with the same = =
(e)  all picture cards integer?

Answer: (a) 2598960 (b) 48 (c) 22308 (d) 1287 (e) 792 (f) 131560 (g) 108336 (h) 24 (i) 432
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[Ex 14E Q25] The diagram shows a 6 x 4 grid. The aim is to walk from the point
A in the top left-hand corner to the point B in the bottom right-hand corner by
walking along the black lines either downwards or to the right. A single move is
defined as walking along one side of a single small square, thus it takes you ten
moves to get from A to B.

Find how many different routes are possible:

......... , ......... .. (1) Without restrlctlon’ ...................
MR A

......... .......... .......... . (11) 1f you must paSS through C” ..................
......... .......... .......... . C (111) lf you CannOt move along the top ........ ..........

line of the grid,

(iv) if you cannot move along the
second row from the top of the grid.




T il g

[2020 Ext 1 HSC Q14]
i.  Use the identity (1 + )" = (1 4+ 2)"(1 + )" to show that

=)+ () e ()

where n is a positive integer.

ii. A club has 2n members, with n women and n men.
A group consisting of an even number (0,2,4,...,2n) of members is
chosen, with the number of men equal to the number of women.

2n
Show, giving reasons, that the number of ways to do this is < >
n
<<<<<<<<< »»»»»» ili. From the group chosen in part (ii), one of the men and one of the
| ' women are selected as leaders.
Show, giving reasons, that the number of ways to choose the even
number of people and then the leaders is

2T ? 2T ? o T ’
1 +2 +otn
1 2 n

iv. The process is now reversed so that the leaders, one man and one
woman, are chosen first. The rest of the group is then selected, still
made up of an equal number of women and men.

By considering this reversed process and using part (ii), find a simple
expression for the sum in part (iii).

Answer: n? (
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62 : : : : : : : : COMBINATIONS . SELECTION THEN ARRANGEMENT

......... ..... 5..3 ..... A "'Selectlon then arrangement ........... .......... ......... ......... .......... ......... ......... ......... ..........

o [& Example80
Five letter words are formed from the letters of the word PARABOLA. : : :
o L (a)  How many selections of 5 letters can be made?

(b)  How many different five letter words are possible if

1 there were no restrictions?

il the word contained no As?

......... ....... iii  the word contained at least one A? ......... ......... ..........

o S
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O Bl

[2020 Ext 1 HSC Q8] Out of 10 contestants, six are to be selected for the final

round of a competition. Four of those six will be placed 1st, 2nd, 3rd and 4th.

In how m‘any ways can this pr(')cess be carried out? | '
| : § : 10! 10! 10! 10! §
e e (A) ol (B) o (C) 2! (D) e e

Answer: 102

o S




64 : : : : : : : : COMBINATIONS — A SELECTION THEN ARRANGEMENT

........ .......... L Ts“ngammeB?,g ......... e, S e, L] e, SR i, i, ........ ......... ..........
- - (Lec, 2006, p.186) AN How many words are possible using four letters which are - e
selected from the letters of the word SYLLABUS? Answer: 606
Stéps
1. O repeated letters: -

e 6 unique letters that are unique to choose from, of which four are
required.

— Exclude duplicate letters

e Permutations: P,

2. 1 repeated letter: ___

e Number of combinations from Y, A, B, U plus 1 other repeatable, but

................. non repeated letters:  °Cly
e From repeatable letters S, L:  *C';  ways of choosing the repeated letter. : : :
................. ° Permute. ;1_:
................. o Total # of words: PCox*Cix 3
3. 2repeated letters:
................. e From repeatable letters S, L, permute: 5
e Total # of words: 2‘,‘—;,
............. 4. Total NUMBEr Of WOTAS: - ..ottt
........................... éEFurtherexercmes
Ex 14E
................. . Q2.5




......... .......... 4444444444 6.1 | P.r.obablllty wnth permutatmns 4444444444 ......... T . N L . T
: : : : - Steps : : : : : : : : : : :
"""""""""""""""""" 1. Find _ sample . space  ( . umestricted case)
............................... first.
2.  Find permutations involving restrictions. :
‘{sExampIe Q4. L] S o L Dl o SIS R
| : : | [2013 Independent Ext 1 Trial] (2 marks) The letters of the word NUMBER are
""""" """"" """"" '} arranged at random in a row. Find the probability that consonants occupy both end
positions.

""""" """"" Eight people of whom A and B are two, arrange themselves at random in a straight
: : : | line. What is the probability that
......... .......... 4444444444 . (a) A and B are next to each other7 ...................

(b) A and B occupy the end positions,

(c)  there are at least 3 people between A and B?

‘ ......... .......... 4444444444 . Answer: (a) i (b) o5 (C) v




The letters of the word TUESDAY are arranged at random in a row. What is the . - -
probability that

(a)  the vowels and consonants occupy alternate positions

(b)  the vowels are together

""""""""" (c)  the vowels are together and the letter T occupies the first place?
............... 7 5% T il Gl S S i it i B S s s v o e e o 0 B L



e 6__1_42 ..... Identlcalelements ....... _________ _________ .......... _________ e —,——e_ee---r

L eewes

: : : | [2013 CSSA Ext 1 Q4] The letters of the word TWITTER are arranged randomly. ,
JRN b i | What is the probability that the three Ts are grouped together? ... SRR

w5 ® © = ® z

6 1. 3 Clrcular arrangements

........ ......... ................... Example88 ........ o o S R o o e e e ..........
--------- ---------- 4444444444 : [2013 Ext 1 HSC Q7] A family of eight is seated randomly around a circular table. ~~~~~~~~~~

What is the probability that the two youngest mer?b'ers of the family sit together‘?
6!2! 6! 6!2!

o S




Four Chinese, four Japanese, three Korean and two Vietnamese were invited to a

conference.

(a)  The delegates are lining up for a photograph. Assuming that they arrive
separately, find the probability that

-------- ~~~~~ 1. they are seated according to their nationality. --------- --------- »»»»»»»»»»

ii. the two Vietnamese are separated.

| : (b) At the conference dinner, the guests were seated at a round table. With the : : :
SRR Feed) seating organised at random, find the probability that i e S

i. they are seated in according to their nationality.

ii. the Chinese are seated together.

. . 11 1o
Answer: () i. =g il. 73 (b) i 7555 il 55




......... .......... .......... 6"2 44444 Probablllty WIth combmatlons .......... ......... ......... .......... ......... ......... ......... ..........

_________ BN _]‘Exammego%f:-EEEEEEEE ________ .

An jar contains 9 distinguishable cubes of which 3 are white and 6 black. Two cubes
are drawn at random without replacement. Calculate the probability that both cubes
are black. Answer: ->

o I Exampled]

Three cards are dealt from a pack of 52. Find the probability that one club and two
hearts are dealt,

_______________________________ (a)  in that order. (b)  in any order.




T gl 99

From a group of 12 people of whom 8 are males and 4 are females, a sample of 4

is selected at random. What is the probability that the sample contains at least 2
females?

o S
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72 : : : : : PROBABILITY WITH COMBINATORICS — :PROBABILITY :WITH COMBINATIONS

T gl QF

_______ """" [2015 Ext 1 HSC Q14] A Two players A and B play a series of games against
| : each other to get a prize. In any game, either of the players is equally likely to win.

To begin with, the first player who wins a total of 5 games gets the prize.

--------- »»»»»» (i)  Explain why the probability of player A getting the prize in exactly 7 1 444444444 --------- »»»»»»»»»»
games is .
S - 6\ /1\" SR R L
1)\ 2
""""""""" (ii))  Write an expression for the probability of player A getting the prize in | R
.................. at most 7 games.
| ' (iii) Suppose now that the prize is given to the first player to win a total 2

S - of (n+ 1) games, where n is a positive integer. ST SOt SO U SUO AN
......... ...... By considering the probability that A gets the prize, prove that

! 2 > e
FERITE e <n>2” A (n+ )271,—1 L (n+ )2”‘2 + ... + ( Tl) — 22n e Lo DYV
o & " " n TSRS B

: o Imbortaht note
A What type of question is this?
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“‘ Learnmg Goal(s)

iE Knowledge
What is  the
Principle (PHP)

............................... o Skill
Pigeonhole

@ By the end of this section am | able to:

Use the PHP to solve problems

17.16 Solve simple problems and prove results using the pigeonhole principle

@ Understanding
Clear communication is vital in
proofs involving the PHP

Q Laws / Resu[ts

Pigeonhole Principle (PHP) If n items are distributed amongst m pigeonholes

. There are 9 plgeonholes and 10 :
........ f...‘plgeons

° There WIH be at 1east

1 plgeonhole

and n > m, then at least one pigeonhole will contain more than one item.

§ o Important note

e This section of work mostly contain

e Questions can be asked in reverse.

e Express yourself carefully and conci

s proofs.

sentences

sely with



......... .......... o u"Wétch"hU'ltiiﬂed‘i‘é'"""“§ ........ s e, L] e, S e i, ......... ......... ..........
| : Up and Atom - Pigeonhole Principle and applications : : :

f Example 94

""""" """ e If 11 pigeons fly into 10 pigeonholes, there will be at least 1 pigeonhole with
‘ : at least 2 pigeons.

o If 31 pigeons fly into 10 pigeonholes, there will be at least one

pigeonhole with at least 4 pigeons. 444444444 ......... ..........

e If there are 10 pigeonholes, then the least number of pigeons that will

guarantee that there is at least one pigeonhole with at least 8 pigeons is 71.

1. Seventy guests sit at a restaurant with 23 tables. Prove that there must be at
least one table with at least four guests.

: : 2.  Explain how many guests there must be to guarantee at least one of the 23 S :
e Y tables has at least 11 guests. e, e, SR

........................... glmportantnote

_____________ As the number of pigeonholes increases, it’s wuseful to find the
........ remainder - from division.

iy = Examplef

| : d&ndﬂr_et_au 2019) A suburb has 15 large apartment blocks.

.................. If a shopkeeper knows 200 people from these blocks, explain why he must know ... . .

at least 14 people from at least one block.

""""" """ (b)  How many people from these blocks must he know in order to know at least
' : 25 people from at least one block?



https://youtu.be/tiPdN0wtN0M?si=fKT8vW46zSlTULFz

. THEPiGEONHOLE PRINCIPLE — EXAMPLES = = S R R T
&LaWS/ReSU[tS ........................................................................................................................................

Suppose n pigeons fly into d pigeonholes. Let

n=dq+r

. : : -| where the remainder is r = 0,1,2,--- (d — 1). :
s b e If r = 0, there must be at least one pigeonhole with ¢ pigeons. ... SR

e If r > 0, there must be at least one pigeonhole with q+ 1  pigeons.

‘Is Exai’nple 597

Every person has fewer than 500 000 hairs on their head. Prove that in Sydney, with
a population of more than 5000 000, there are at least eleven people with exactly the
same number of hairs on their heads.

oy REempess

Vikram has 30 distinct ties. Every day, including weekends, he selects a tie at random
to wear. How many successive dates are needed to guarantee that there is at least
one day of the week on which he has worn the same tie on at least 6 occasions?




............... ... .. 'TnePIGEONHOLE PRINCIPLE — EXAMPLES o

Fifteen people come into a room, and there are many handshakes as they meet — no

pair shakes hands twice. Prove that there will be at least two people who have made
the same number of handshakes.

e & Example100

’ ' How many odd numbers less than 20 must be chosen to guarantee that two of the ' ' '
JRRI . chosen numbers add to 207 i e SN

o S




THE PIGEONHOLE PRINCIPLE — EXAMPLES

[2023 CSSA Ext 1 Trial Q1] A bag contains a large number of red, green and blue
marbles. Arlo will take out some marbles, without looking, and needs to be certain
he will have at least four marbles of the same colour. What is the smallest number
of marbles that he must take out to ensure this? Answer: (C)

(A) 4 (B) 5 (C) 10 (D) 13

| : : : P.— Exagmple 102
""""" """"" """"" | [2020 Ext 1 HSC Q12] (2 marks) To complete a course, a student must choose
| ' ' -} and pass exactly three topics.

There are eight topics from which to choose.

Last year 400 students completed the course.

| : : | Explain, using the pigeonhole principle, why at least eight students passed exactly
......... .......... .......... . the Same three topics‘

...................................................................................................................................................................................................................




............... 8. ... ... .. ... ™Tu;PiGRONHOLE PRINCIPLE _ EXAMPLES 1
......... .......... R gExamplelO?. ........ R CERRE RN EEPREEREE FRRRRTRES FERR RS T CRRRE IR Peehens ERRRR A S ETRT SRR PR ......... ......... ..........

[2021 CSSA Ext 1 Trial Q10] There are 26 cards in a bag, each has a different

letter of the alphabet written on them.

A game consists of drawing cards one at a time, without replacement, until two
consecutive letters of the alphabet have been drawn. A and Z are not consecutive

letters.

For example, if B is drawn first and M is drawn second, if the third card is either
A, C, L or N the game would stop there as A and B, or B and C, or L and M, or
M and N form a consecutive pair of letters. There would be 23 letters left in the bag.

What is the least number of cards that can be left in the bag at the end of the game?
Answer: (B)

................. (A) 11 (B) 12 (C) 13 (D) 14 b cotecestoscstoccetsrnshonnstsnes

........................... éEFUI’thereXEI’CISES
Ex 14H

................. . Ql_ZO
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7.2.2 Additional questions
Source: [Haese, Haese, and Humphries (2015, Ex 1G)

1.

10.

Show that in any group of 13 people there will be two or more people who were born
in the same month.

Seven darts are thrown onto a circular dart board of radius 10 cm. Assuming that all
the darts land on the dartboard, so there are two darts which are at most 10 cm apart.

17 points are randomly placed in an equilateral triangle with side length 10 cm. Show
that at least two of the points are at most 2.5 cm away from each other.

10 children attended a party and each child received at least one of 50 party prizes.
Show that there were at least two children who received the same number of prizes.

What is the minimum number of people needed to ensure that at least two of them
have the same birthday, not including the year of birth?

There are 8 black socks and 14 white socks in a drawer. Calculate the minimum number
of socks needed to be selected from the drawer without looking to ensure that

(a)  a spare of the same colour is drawn
(b)  two different coloured socks are drawn.

Prove that for every 27 word sequence in the Australian Constitution, at least two
words will start with the same letter.

Prove that if 6 distinct numbers from the integers 1 to 10 are chosen, then there will
be two of them which sum to 11.

Prove that if 11 integers are chosen at random, then at least two of them will have the
same units digit.

Prove that any cocktail party with two or more people, there must be at least 2 people
who have the same number of acquaintances at the party.

Hint: consider the separate cases where
(a) everyone has at least one acquaintance at the party

(b)  where someone has no acquaintance at the party.

Answers

® N p w e

3

10.

Hint: 13 people and 12 months.

Hint: Divide the dartboard into 6 equal sectors.

Hint: Divide the triangle into 16 equal equilateral triangles.

Hint: Consider the number of prizes needed if each child received a different number of prizes.

367 people

(a) 3 socks
(b) 15 socks

Hint: 27 words and 26 letters of the alphabet.
Hint: A sum of 11 results from 1+ 10,2+ 9,3+ 8,4+ 7,5+ 6.
Hint: 11 integers and 10 possible units digits.

Hint: The number of people at the party is n > 2. Check the number of acquaintances for each case.
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Section 8

Past HSC Questions

8.1 2012 Extension 1 HSC

Question 11

(f) i. Use the binomial theorem to find an expression for the constant term
1\ 12
in the expansion of <2m3 — —> )
x

1 n
ii.  For what values of n does (Qm?’ — —) have a non-zero constant term?
T

8.2 2019 Extension 1 HSC

Question 13

(b)  In the expansion of (5x + 2)%°, the coefficients of z* and z**! are equal.

What is the value of k7

8.3 2017 Extension 1 HSC

9. When expanded, which expression has a non-zero constant term?

82
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8.4 2018 Extension 1 HSC

Question 14

(b) By considering the expansions of (1 + (14 z))" and (2 + x)™, show that 3
n\ [r n r+1 n r+2 n\ (n Y\
- - ot = ()2
r/\r r+1 r r—+2 r n)\r r
(c) There are 23 people who have applied to be selected for a committee of 4 2
people.

The selection process starts with Selector A choosing a group of at
least 4 people from the 23 people who applied.

Selector B then chooses the 4 people to be on the committee from the group
Selector A has chosen.

In how many ways could this selection process be carried out?

8.5 2017 Extension 1 HSC

Question 13

(b)  Let n be a positive EVEN integer.

i. Show that (1+z)" + (1 — )" = 2[(3) + (Z>x2+---+ (Z)x"] 2

ii. Hence show that 1

n—1_ (1 _ yn—1] _ n ny 3, Y na1
n([(1+x) (1—a)""] 2{2(2)x+4(4)x + +n<n>x ]
n n n n{n
iii. H h h e — = n2" 3,
il ence show that (2) —1—2(4) —1—3(6) + + 2(n> n2 2

8.6 1991 Extension 1 HSC

Question 4

(c) Containers are coded by different arrangements of coloured dots in a row.
The colours used are red, white, and blue.

In an arrangement, at most three of the dots are red, at most two of
the dots are white, and at most one is blue.

i. Find the number of different codes possible if six dots are used.

ii. On some containers only five dots are used. Find the number of different
codes possible in this case. Justify your answer.

NORMANHURST BOYS’ HIGH SCHOOL COMBINATORICS



84 Past HSC QUESTIONS — 2000 EXTENSION 1 HSC

8.7 1993 Extension 1 HSC

Question 4

(b)  Five travellers arrive in a town where there are five hotels.

i. How many different accommodation arrangements are there if there are
no restrictions on where the travellers stay?

ii. How many different accommodation arrangements are there if each
traveller stays at a different hotel?

iii. Suppose two of the travellers are husband and wife and must go to
the same hotel. How many different accommodation arrangements are
there if the other three can go to any of the other hotels?

8.8 1992 Extension 1 HSC

Question 6

(b) A total of five players is selected at random from four sporting teams. Each
of the teams consists of ten players numbered from 1 to 10.

i. What is the probability that of the five selected players, three are
numbered ‘6’ and two are numbered ‘8’7

ii. What is the probability that the five selected players contain at least
four players from the same team?

8.9 2000 Extension 1 HSC

Question 6

(b) A standard pack of 52 cards consists of 13 cards of each of the four suits: 4
spades, hearts, clubs and diamonds.

i. In how many ways can six cards be selected without replacement so
that exactly two are spades and four are clubs? (Assume that the order
of selection of the six cards is not important.)

ii. In how many ways can six cards be selected without replacement if at
least five must be of the same suit? (Assume that the order of selection
of the six cards is not important.)

COMBINATORICS NORMANHURST BOYS’ HIGH SCHOOL



NESA Reference Sheet — calculus based courses

Wik
NSW

NSW Education Standards Authority

HIGHER SCHOOL CERTIFICATE EXAMINATION

GOVERNMENT .
Mathematics Advanced
Mathematics Extension 1
Mathematics Extension 2
REFERENCE SHEET
Measurement Financial Mathematics
Length A=P(1+r)
[ = i X 27r
360
Sequences and series
Area
A=i><7rr2 Tn=a+(n—l)d
360
h n n
A=E(a+b) Sn=§[2a+(n—1)d]=5(a+z)
Surface area T =ar"!
A =272 + 27rh
all=r") alr"-1
A = 4nr? S, = ( )= ( ),r;tl
n 1-r r—1
Volume
v="Lan S=q i<t
3
V="n3
3
Functions Logarithmic and Exponential Functions
‘= —bi\/ézz —4ac logaa":xzalog"x
a

For ax> +bx*> +cx +d = 0:
a+ﬂ+y=—§

¢

a,B+ay+ﬂy=E
and aﬂyz—%

Relations
()c—h)2+(y—k)2=r2




Trigonometric Functions

sinA = m, COSA = a—dj, tanA = ﬂ
hyp hyp adj
1
A =—absinC o
a b c
= = 45°
sinA sinB sinC 1
c? =a*+b* = 2abcosC
2,2 2
cosC= L= -
2ab
2
[=r6
AL /oo
2 1
Trigonometric identities
secA = ! ,co0sA#0
COsA

cosecA = %, sinA =0

sin
COsA .

CotA=——,sinA#0

cos2x + sin®x = 1

Compound angles
sin(A + B) = sinAcos B + cosAsin B

cos(A + B) = cosAcos B —sinAsin B

tan(A + B) _ tanA + tan B
1-tanAtanB
A . 2
If t=tan— then sinA = d
1417
)
cosA=1 !
147
tanA = 2
1-7

cosAcosB = %[COS(A —B) +cos(A + B)]
sinAsinB = %[COS(A —B) —cos(A + B)]
sinAcos B = %[sin(A +B) +sin(4 - B)]

cosAsinB = %[sin(A + B) —sin(4 - B)]

sin’nx = %(1 — cos 2nx)

cos’nx = %(1 + oS 2nx)

Statistical Analysis

_x—u An outlier is a score

o

or

Normal distribution

less than Q; — 1.5 X IQR

more than Q5 + 1.5 X IOR

approximately 68% of scores have
z-scores between -1 and 1
approximately 95% of scores have
z-scores between -2 and 2
approximately 99.7% of scores have
z-scores between -3 and 3

EXX)=u

Var(X) = E[(X - p)?] = E(X?) - u?

Probability

P(AnB)=P(A)P(B)
P(AUB)=P(A) + P(B) - P(ANB)
P(A|B) = P(ﬁ(;)B), P(B)#0

Continuous random variables

X

P(X <x) =J J(x)dx

b
Pla<X <b):,[ f(x)dx

Binomial distribution
P(X=r)="Cp"(1-p)"™"
X ~ Bin(n, p)
= P(X=x)

= (Z)px(l—p)"_x, x=0,1,....n
E(X)=np
Var(X) = np(1-p)




Differential Calculus

Function

y=f(x)"

vy =g(u) where u= f(x)

y=sinf(x)
y=cos f(x)
y=tan f(x)
y=e/®
y=1Inf(x)
y=a’®

=log, /(x)

y=sin"" £(x)

y=cos”! /(x)

y=tan"' f(x)

Derivative

dx

dy
dx

4 _

dx

dy _

dx

LA )

—==/"(x)cos f(x)

dy

dx

dy
dx

dy
dx

dy _
dx

dy
dx

dy

dx

b _

dx

= f'(x)sec

=—/"(x)sin f(x)

2f(x)

= el

=(Ina) f'(x)a’

/(%)
(Ina) f(x)

_ S

~[f)7T

W

=[]

JS'(x)
1+[ /0]

Integral Calculus

1
n+1

Jf’(X)[f(x)]”dx _

where n #—1

J(x)sin f(x)dx =—cos f(x)+c

r

J'(x)cos f(x)dx =sin f(x)+c

r

F(x)sec? £(x)dx = tan £(x) + ¢

r

f’(x)ef(x)dx =W

J sl

( S(x)
f’(x)af(x)dx =4

+c
Ina

)
a-[f)f

J f(x) dx:ltan
a +[f(x) a
Ju—dx = uv—Jv%dx

dx
j e

zb;f{fm)+fao+2LﬂxJ+~~

di = 71f()

[

_1@+c
a

where a =x, and b =x,

[f(x)]n+1 +e

+f(

-1

)]}




Combinatorics

!
np 1!
")
AN n!
(r)_ €=

r(n=r)!

n

1

(x+a)”=x"+( -

_ ny -
)x" 1a+~~+( )x" "a”

+ ...

+a"

Vectors
|13‘=‘x£+yz‘=\/x2+y2

w-y=[ul[v[cos=xx, +yy,,
where u = x;i+y,J

and y=x2£+y22

r=a+A1

1

Complex Numbers

z=a+ib=r(cosO+ isinh)
= re'?
[r(cos 0 + isin 0)]" = r"(cosn@ + isinnd)

— rneme

Mechanics

d dv_ dv _d (1 2)
-7 =—=y—=—|—V
dr* dt dx dx\2

X = acos(nt+ Q’) +c
x=asin(nt+a) + ¢

X= —nz(x -c)
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